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Abstract 

Let G be a finite group and G p be a Sylow p-subgroup of G for a 
prime p in 7r(G), the set of all prime divisors of the order of G. The 
automiser A p (G) is defined to be the group Ng(G p )/G p Cg(G p ). We 
define the Sylow graph Ta{G) of the group G, with set of vertices 7r(G), 
as follows: Two vertices p,q € 7r(G) form an edge of Ta(G) if either 
q G tt(A p (G)) or p £ n(A q (G)). The following result is obtained: 
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Theorem: Let G be a finite almost simple group. Then the graph 
Ta(G) is connected and has diameter at most 5. 

We also show how this result can be applied to derive information 
on the structure of a group from the normalizers of its Sylow subgroups. 

Keywords: Finite groups, Simple groups, Sylow normalizers, Saturated 
formations. 
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1 Introduction 

All groups considered are finite. 

Let G be a finite group and G p be a Sylow p-subgroup of G for any 
p £ 7r(G), where tt(G) denotes the set of prime divisors of the order of G. 
Then the automiser A P (G) is defined to be the group Ng(G p )/G p Cg(G p ). 
We construct the Sylow graph Ta(G) of the group G, with set of vertices 
7r(G), as follows: Two vertices p,q 6 7t(G) form an edge of Ta(G) if either 
q £ ir(Ap(G)) or p € ir(A q (G)). It is convenient to write p — > q if g € 
7r(A p (G)). For almost simple groups, that is, for groups with a unique 
minimal normal subgroup, which is a non-abelian simple group, the following 
result is obtained in the paper. 

Main Theorem. Let G be an almost simple group. Then the graph Ta(G) 
is connected and has diameter at most 5. 

It follows from this theorem that often (with few exceptions) the nor- 
malizer of a Sylow p-subgroup G p of a finite almost simple group G is larger 
than G p Cg(G p ), for p an odd prime. In particular this is always true if G 
is a finite simple group (see \17\ I16j). However, we obtain here more precise 
information in graph terms for almost simple groups. 

The study of the Sylow graph of a group was first motivated in relation 
with the influence of the Sylow normalizers (normalizers of the Sylow sub- 
groups) on the structure of finite groups. In Section [5] we show how the result 
on the Sylow graph of a group can be applied to derive some information 
about the group within this framework. Examples 1, 2 and 3 show certain 
classes of groups, which can be considered as extensions of nilpotent groups, 
and which have the property that a group belongs to the class if and only 
if its Sylow normalizers belong to the class (Corollaries 15.61 and 15 .8[) . For 
the classes in Example 1 the problem has been studied in [11] under the 
assumption of the result on the Sylow graph of a group as a conjecture; 
though it appears to be a gap in the proof. 
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Our results extend some theorems of Glauberman p3], Bianchi et al. 
and D'Aniello et al. [12]. The generalization in [3] of a result in p3] states 
that a group is nilpotent whenever its Sylow normalizers are nilpotent. In 
[12] a similar result is obtained for classes of groups with nilpotent Hall 
subgroups for given sets of primes, in the universe of all finite soluble groups. 
In fact, within this universe, this result provides a characterization of the 
subgroup-closed saturated formations whose elements are characterized by 
the Sylow normalizers belonging to the class. The corresponding classes are 
called covering- formations of soluble groups (see Definition in Section [5]) . 

Covering-formations form a special family of the so-called nilpotent-like 
Fitting formations. These are non-empty saturated Fitting formations lo- 
cally defined by f^p), the class of all finite 7r(p)-groups for a set of primes 
ir(p) containing p, for every prime p in the characteristic of the forma- 
tion. Different restrictions on the sets of primes n(p) provide extensions 
of the nilpotent groups from different points of view. We refer to Ballester- 
Bolinches et al. [3] for an account of this development. The classes of groups 
in Examples 1, 2 and 3 are particular types of covering- formations. 

2 Preliminaries 

Here we collect some lemmas which will be useful in the sequel. 

Let n be a positive integer and p a prime number. A prime r is said 
to be primitive with respect to the pair {p, n} if r divides p n — 1 but r does 
not divide p e — 1 for every integer e such that 1 < e < n. It was proved by 
Zsigmondy [21] that such a primitive prime r exists unless either n = 2 and 
p is a Mersenne prime or {p, n} = {2,6}. Moreover, it is well-known that 
for this prime r, it holds r — 1 = (mod n) and, in particular, r > n + 1. 

Lemma 2.1. (Frattini argument) Let G be a group, N be a normal subgroup 
of G and S be a Sylow subgroup of N. Then G = NNg(S). 

For notation in this section we refer to [7]. Let G be a connected simple 
algebraic group with root system @ = 0(G) over an algebraically closed 
field of characteristic r > 0. For every simple group L of Lie type defined 
over the field GF(r*), split or twisted, there exists G = G ac i and a Frobenius 
map a of G such that L = O r (G a ), where G a = {x G G \ a(x) = x}. The 
inner-diagonal automorphism group L of L coincides with G a . If G has a 
root system O, we say that L is of type and write L = 0(r*) (see also [8]). 
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Lemma 2.2. pH Theorem 3.3] Let L = O r (G a ) h ave a root system ^ 
A\ (I > 1), D21+1, Eq. Then every semisimple element of L of odd prime 
order is conjugate to its inverse, i.e., it is real. 

In view of Lemma 12.21 we will call a group of Lie type fine if it has no 
root system in the set {A[ (I > 1), D21+1, Eq}. 

Lemma 2.3. A field automorphism of a finite simple group of Lie type 
centralizes the Weyl subgroup of the group modulo its Cartan subgroup. 

Proof. We use some facts from [18]. Let L be a finite simple group of 
Lie type G over the field F := GF(g). L has a generating system of el- 
ements of the form x Q (A) with a £ 0, A € F. The elements w a (X) = 
x a (\)x_ a (—\~ 1 )x a (\) generate the monomial subgroup N and the elements 
of the form h a (X) = w a (X)w a (l)~ 1 generate the Cartan subgroup H of L, 
which is normal in N. Moreover there exists a coset representatives of H 
in N consisting of elements oo a = w a (l). If cp is an automorphism of the 
field F, then the action of the extension of eft on L can be described as 
Xa(X)^ = x a (X^). It is easy to see that u>t = w Q) which proves the re- 
sult. □ 

Lemma 2.4. Let L be a simple group of Lie type over afield of characteristic 
r > and let P be a Sylow p-subgroup of L, for a prime p ^ r. Then: 

(a) P normalizes some maximal torus of L. 

(b) If p does not divide the order of the Weyl group of L, then P is 
contained in some maximal torus of L and hence P is abelian. 

Proof. See [3 Corollary II.5.19]. □ 

Lemma 2.5. ([6], [7]) Let L be a simple group of Lie type and let W be its 
Weyl group. Then: 

If L is of type A n , then W = S n +i (of order (n + 1)! ). 

If L is of type D n , then W is a semidirect product of an elementary 
abelian 2-group of order 2 n and a symmetric group S n . 

If L is of type 2 D n , then W is a semidirect product of an elementary 
abelian 2-group of order 2 n ~ 1 and a symmetric group S n -i. 

If L is of type E§, then W has a subgroup of index 2 isomorphic to 
Pfl 6 (2)^PS P4 (3). 

If L is of type 2 Eq, then W is isomorphic to the Weyl group of F4 of 
order 2 7 3 2 . 
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3 Properties of the graph T(G) = T A (G) 

We write r(G) instead of Ta(G) for brevity, as only this type of graphs are 
studied in the paper. The set of edges of r(G) is denoted by E(r(G)). For 
a group G and a prime p, Syl p (G) denotes the set of all Sylow p-subgroups 
of the group G. 

Lemma 3.1. Let Go be a normal subgroup of a group G such that \G/Gq\ = 
p G and let r be a prime, r ^ p. If r — > s G E(r(Go)), then r — > s G 

E(T(G)). 

Proof. Let R be a Sylow r-subgroup of Go- Then |^4 r (Go)| = O(mods). It 
follows from Lemma O that \N G (R)\ = \N Go (R)\p and s G ir(A r (G)). □ 

Lemma 3.2. Let G be a group and P G SyL(G), p > 2. If there exists an 
element Z{P) which is real in G, then p — > 2 G E(r(G)). 

Proof. The extended centralizer of z in G is defined to be 

H := {y G G | z y = z ±X }. 

Clearly H is a subgroup of G and \H : G G (z)| = 2. Since P < G G (z) < H it 
is obvious that |ylp(.ff)| = 0(mod2). Moreover Syl p (-ff) C Syl p (G) implies 
that tt(A p (H)) C 7r(^4 p (G)) and then the result follows. □ 

For a group G, define the distance p(p, q), for primes p,q G 7r(G), as the 
minimal number for which there is a chain po = VtVXi ■ ■ ■ iVk = Q such that 
every pair (pi,Pi+i) forms an edge. The largest p(p,q), p,q G vr(G), p ^ q, 
is the diameter of T(G), denoted by d(r(G)). 

Corollary 3.3. The graph T(S n ) of a symmetric group of degree n > 2 is 
connected and d(r(5 n )) < 2. 

Proof. This follows by Lemma [3 . 2 1 since each element of a symmetric group 
is real. □ 

Lemma 3.4. Let G be an almost simple group and N be a non-trivial normal 
subgroup of G such that (\G/N\, \N\) = 1. Then 

d(r(G)) < d(r(iV)) + 2. 

If for each pair of different primes r, s G ir(G/N) there exists p G tt(N) 
such that rs divides \A p (G)\, then 

d(r(G))<d(r(A0) + i. 
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Proof. Suppose that r G ir{G) \ tt(N). By Lemma 12.11 we have that \G\ r 
divides \Nq(G p )\ for any prime p G 7r(A r ) and G p G Syl p (G). Since G is 
almost simple, it is clear that \G\ r does not divide \Cg(G p )\ for some prime 
p G ir(N), and then p -> r G E(r(G). Hence, if r, s G n(G)\ir(N), it follows 
that /9(r,s) < d(r(AT)) + 2. 

If rs divides for a prime p G 7r(i\T), then d(T(G)) < d(T(JV)) + l, 

since p(r,p) = 1 and p(s,p) = 1. □ 

4 Proof of the Main Theorem 

Corollary 13,31 is a first step towards the proof of our Main Theorem, which 
states that the Sylow graph of an almost simple group is connected and 
has diameter at most 5. In the next results we consider separately different 
cases, depending on the simple group appearing as the socle of an almost 
simple group, and prove that in all cases the desired result holds. 

Alternating and sporadic groups 

Theorem 4.1. Let G = A n be an alternating group of degree n > 5. Then 
the graph T(G) is connected and d(r(G)) < 3. If n ^ p, p + 1, with p a 
prime, p = 3 (mod 4), then d(r(G)) = 2. 

Proof. Let p be a prime, 3 < p < n. Assume that p — > 2 G" E(r(G)). By 
Lemma 13.21 there exists an element z of order p which is not real in G. If 
p < n — 2, then z = a\02 ■ ■ ■ where ax, 02, ■ ■ ■ , at are disjoint cycles of 
length p, k > 1 and kp + r = n. 

Suppose first that r > 2. In this case there exists an odd permutation a 
centralizing z. On the other hand, z 9 = z~ l for some g G S n . If g G S n \A n , 
then z ag = z~ l and ag G A n . But this is a contradiction by Lemma 13.21 
Hence r < 1. 

If k > 1, then there exists an involution a G S n \A n permuting a\ and 02 
and fixing all letters not appearing in a± and a<i- This gives a contradiction 
as above since z a = z and z a9 = z . 

Assume that either n=p or n = p + l. There is an element g G 
S n inverting z which is a product of transpositions g = (l,p)(2,p — 
1) . . . (^rp, ^rp), as a permutation of the set {1,2,..., n}. Since g G S n \A n , 
we have = 1 (mod 2) , which implies p = 3 (mod 4) . 

In this case there exists an odd prime s dividing p — 1. It is easy to see 
that p — > s G E(r(G)) and s — > 2 G E(r(G)) by using arguments as above. 
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Therefore for each pair p,r£ k{G) there is a path from p to r of length at 
most 3. The theorem is proved. □ 

Remark. The alternating group Ag shows that the estimate of Theorem 14.11 
is sharp. In this case 7r(A$) = {2,3,5,7} and E(r(^4g)) = {7 — > 3,3 — > 
2,5^2}. 

Theorem 4.2. Let L be a sporadic simple group and L < G < Aut(L). 
Then the graph T(G) is connected and d(r(G)) < 5. 

Proof. This is easy to prove using the description in [15] of the normalizers 
of Sylow subgroups of the considered groups. 

Observe that there are only 3 sporadic simple groups whose Sylow graphs 
have the diameter exactly 5. They are the Mathieu group -M23, the Baby 
Monster group B and the Monster group M. □ 



Almost simple groups with fine socle 

We recall that a group of Lie type is called fine if it has no root system in 
the set {Ai (Z > 1), D 2l+1 , E e }. 

Theorem 4.3. Let G be an almost simple group whose socle is a fine group 
of Lie type. Then the graph T(G) is connected and d(r(G)) < 4. 

Proof. Let L be a fine group of Lie type over the field GF(r*) and set 
Go = Gnlnndiag(L). 

Note that, by Lemma 12.21 f° r a group X such that L < X < G every 
semisimple element of odd prime order in L is real. Suppose that p is an odd 
prime in 7r(L) \ {r}. Then a Sylow p-subgroup L p of L is normal in some 
Sylow p-subgroup X p of X and there exists an element 1 7^ z € Z(X P ) (1 L, p 
such that z is conjugate with z . By Lemma 13.21 we have that p — > 2 € 

E(rpf)). 

Assume first that the characteristic r of L is odd. 

Let L 7^ L2(q) with q = 3 (mod 4). By the above property and inspect- 
ing the orders of the Borel subgroups of L, we have that p — > 2 G E(r(Go)) 
for any odd prime p £ 7r(Go). In particular d(r(Go)) < 2. 

This fact also holds for any group G\ > Go such that n(Gi) = vr(Go) = 
7r(L). Hence we consider G\ <\G such that -k{G/G\) n vr(L) = 0. 

We claim that d(r(G)) < 3. Now we may apply Lemma l3.4i Since the 
graph automorphism of L does not centralize any Sylow r-subgroup of G\ , 
we have that d(r(G)) < d(r(Gi)) + 1 < 3. 



7 



Let now L = L2(q) where q = 3 (mod 4). It is well-known that the 
normalizer of a Sylow r-subgroup of L is a Frobenius group of order ^ , 
and the centralizer of any field automorphism of L does not contain a Sylow 
r-subgroup of L. If \G/L\ = (mod 2), then again r — > 2 G E(r(G)). 
Clearly, if f G 7r(t) n (?r(G) \ {r}), then also r — > u. It is obvious that 
d(T(G)) < 3 if PGL 2 (q) is a subgroup of G, and d(r(G)) < 4 if \G/L\ is 
odd. 

The case L = L%{q) with g = 3 3<1 demonstrates the following interesting 
phenomena. If G is an extension of L by the group of order dividing 3" > 1 , 
then the Sylow 3-subgroups of G are self-normalizing (see, for instance, |16j). 
If K is the normalizer in G of a Sylow 2-subgroup of G (and of L), then 
K/0(K) = A4, the alternating group of degree 4, and we have 2 — > 3. In 
this case d(r(G)) = 2. In the case when 2 divides the order of G/L, we have 
also d(r(G)) = 2, but the structure of the graph T(G) is slightly different. 

Now consider the case when r = 2 and t > 1. 

Again, it follows as above that p — » 2 G E(r(Gi)), for each odd prime 
p G 7r(L), and a group G\ such that Go < G\ < G, vr(Gi) = vr(Go) = tt(L) 
and vr(G/Gi) n vr(L) = 0. In particular, d(r(Gi)) < 2. 

Suppose that p G tt(G) \ tt(L). This is the case only when p is the order 
of some field automorphism ip of L. Since (p centralizes no Sylow 2-subgroup 
of L, it follows from Lemma El that d(r(G)) < d(r(Gi)) + 1 < 3, and the 
theorem is proved. □ 

Almost simple groups with socle L = Ef(q) 

In Lemmas 14.41 — UTTl and Theorem 14.81 L is Ej^(q), r denotes the character- 
istic of L and W(L) its Weyl group. Here E§{g) and Eg(q) stand for E§(q) 
and 2 EQ(q), respectively. It is convenient to write L = E\ = E^, e = ±. 
If d = (3, q — el), then the order of L is as follows: 

\M = \Ei(q)\ = l -q Z \q - el)\q + el) V ~eq+ 1) V + eq + l) 3 

(q 2 + 1) V " q 2 + 1)(9 4 + ^T^V + «/ 3 + 1). 

It was proved by Stensholt in [T§1[2D] that F±{q) is a subgroup of L. The 
order of the Weyl group of F^{q) is 2 7 3 2 , and all semisimple elements of odd 
prime order in F^{q) are real by Lemma |2.2| since this is a fine group. 

Lemma 4.4. If s > 5 is a prime dividing q 4 — q 2 + 1, ± g + 1, + 1 or 
<? 4 + I, then s -» 2 G E(T(L)). 
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Proof. If s > 5 the Sylow s-subgroups of L are abelian by Lemma 12.41 

Consider first the case L = _Eg~(g). Since all semisimple elements of odd 
prime order in F±(q) are real, we have that s-»2e E(r(L)) by Lemma 13.21 
Suppose that 1 ^ R € Syl 5 (L). Then 5 divides q 2 + 1. In this case R 
normalizes a torus T such that \Nl(T) /T\ = 0(mod5). It follows from [U] 
that there is just one such torus D±{a{) and its index in the normalizer is 
96. Hence the Sylow 5-subgroups are abelian and 5 — ► 2 E E(T(L)). 

Let now L = Eq (g). Since the Weyl group of L is of type F4 of order 2 7 3 2 , 
it follows that every Sylow s-subgroup is abelian, and since s € 7r(i*4(g)), 
every element of order s in L is real. Hence s — > 2 € E(T(L)) as asserted. □ 

Lemma 4.5. If s ^ 5 is a prime dividing g 4 + eg 3 + q 2 + eq + 1 and not 
dividing q — el, then s->5£ E(T(L)). 

Proof. It is easy to see that s \ g 5 — el and all other factors q i ± 1 dividing 
|L| have common prime divisors with g 5 — el only in 7r(g— el). By Lemma f2,4l 
the Sylow s-subgroups of L are abelian. 

Consider first the case L = E§{q). By [9] there are tori T of types A4 
and A4 + A1 of L, of orders ^ ^z^fr^ an d ^ 9 r^z^fy^ 1 respectively. In both 
cases |iV L (T) : T = 10. 

Note that L contains a section X isomorphic to L^{q) x L^(q), which 
follows from the Dynkin diagram of this group. K has a Frobenius subgroup 
of order t^&t^— j 5 ^ • 5 and the Sylow s-subgroups of L are cyclic. Hence 
there is an edge s — > 5 G E(r(L). 

In the case L = E 1 ^ (g) , the group L contains a section K isomorphic to 
£2(9) x ^(oO an d ^(g) has a Frobenius subgroup of order 5(g 4 — g 3 + g 2 — 
q+ 1). Again the Sylow s-subgroups of L are cyclic. Hence there is an edge 
s^5£ E(r(L), which concludes the proof. □ 

Lemma 4.6. 5 -» 2 e E(r(L)); ifr^2, then r -» 2 G E(r(L)). 

Proof. It follows from the description of the Borel and Cartan subgroups 
of L that r — > 2 E E(r(L)) if r 7^ 2. Hence we may assume that 5 ^ r and 
5 divides either q 2 — 1 or q 2 + 1. By Lemma 14.41 we need only to consider 
the case when 5 divides either q — 1 or q + 1. By Lemma 12.41 the Sylow 
5-subgroups of E§{q) are abelian. Since 5 G -^(F^g)) there is nothing to 
prove in this case. 

Consider the case £^~(g). Assume first that 5 divides q + 1. Then a 
Sylow 5-subgroup of L is a Sylow 5-subgroup of F±{q). Since each element 
of order 5 of F^{q) is real, we have 5 — > 2 € E(r(L)). 
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Suppose now that 5 divides q— 1. Then the order of a Sylow 5-subgroup 
of L is 5(g— l) 6 . By [9J there exists a torus T of order with Nl(T)/T = 

W(L) of order 2 7 3 4 5. Since W(L) is generated by involutions, we have that 
W(L) has no normal 5-complement and, in this case, the normalizer of a 
Sylow 5-subgroup S of W(L) contains a 2-element acting non-trivially on 
S. Hence 2 G ^(^(L)) and 5 -> 2 G E(r(L)), as asserted. □ 

Lemma 4.7. 3 -> 2 € E(T(L)) and d(T(L)) < 4. 

Proof. Prove first that 3 — > 2 G E(r(L)). By Lemma 14.61 we may assume 
that r / 3. 

Suppose that q = —el (mod 3). Then the order of a Sylow 3-subgroup of 
L is 3 2 (g + el)|. Since F±(q) is a subgroup of L, we have that every element 
of order 3 of L is real and 3 — > 2 G E(T(L)) by Lemma 13.21 

Now let q = el (mod 3). Then the order of a Sylow 3-subgroup of L is 
3 3 (g — el) 6 . In this case there is a torus T of L of order (q — el) 6 / (g — el, 3) 
and the Sylow 3-subgroup of T is normalized by W(L). It is easy to see 
that W(L) has self-centralizing Sylow 3-subgroups and 2 G ^(^(VF)). By 
Lemma Owe obtain that 3 -> 2 G E(r(L)). 

We claim that p — > 2 G E(r(L)) for every prime p G vr(g 2 — 1). By 
Lemmas 14. 4^ 14.61 and the previous arguments we may assume that p > 7. It 
follows from Lemma 12.41 that the Sylow p-subgroups of L are abelian. Since 
the elements of order p in F^(q) are real, the claim follows by Lemma 13.21 

Consider now a prime p G ^( ^W^el)~ )" ^ follows from [9] and the 
description of the centralizers of the elements of order 3 in L (see lecture by 
Iwahori in [5], and [2]) that there is a Frobenius subgroup of order 9(q 6 + 
eg 3 + 1). Hence p — ► 3. 

Whence, from Lemmas 14.41 - HTBl it follows now that d(r(L)) < 4 and 
the lemma is proved. □ 

Theorem 4.8. Let G be an almost simple group with socle L = E^{q). 
Then the graph T(G) is connected and d(T(G)) < 5. 

Proof. By Lemma 12.31 the field automorphisms of L centralize W(L) and, 
therefore, for each semisimple element of order p in L, if some edge p — > s 
exists in T(L), then p->s€ E(T(G)). If r ^ 3, then the edge r — > 2 also 
remains in T(Autdiag(L)). 

Suppose that <p is a field automorphism of L of order coprime to r. This 
automorphism preserves all edges of the form p — > s if p 7^ r. On the other 
hand, if r 7^ 2 it is clear that the edge r — > 2 remains in the automorphism 
group. If r = 2 we are done by Lemma 13.11 Now suppose that (p is an 
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automorphism of L of order coprime to \L\. Then, as in Lemma 13.41 it 
follows that d(G) < d{L) + 1 < 5. □ 

Almost simple groups with socle L = PQ e 4l+2 (q) 

Theorem 4.9. Let G be an almost simple group with socle L isomorphic to 
a group PVL\ l+2 {q) (e = ±, q = r l , I > I). Then the Sylow graph T(G) is 
connected and d(T(G)) < 5. 

Proof. Define the set o~i C tt(L) as follows: 

If £ = + , o\ = {p | p a prime primitive with respect to the pair (q, 21 + 1)}; 
if e = — , cJi = {p | p a prime primitive with respect to the pair (q, 4/ + 2)}. 
Set also 03 := {r, 2} and 02 '■= (tt(L) \ a\) \ 03. By [19] we have that L has 
a subgroup M isomorphic to PU € Al (q) and, moreover, vr(L) = 7r(M) U a\. 

We prove next that for each odd prime p G 02 there is an edge p->2€ 
E(r(L)). Clearly this will be also true for r(Inndiag(L)) instead of T(L) by 
Lemma 13.11 

By Lemma 12. 2\ since M is a fine group, every semisimple element of 
odd prime order in M is real. Let p E 0*2- Since in this case p G ir(M) 
and a Sylow p-subgroup of M is a Sylow p-subgroup of L, this implies that 
p^2eE(T(L)). 

We prove now that for each p G a\ there exists a prime s£d2 such that 
p — > s G E(r(L)). It is clear from the Dynkin diagram of L that A21 C D21+1. 
Hence the group P£l~^ l+2 {q) contains the normalizer of a Singer subgroup of 
L2i+i(q). This means that for each prime p primitive with respect to the pair 
(q, 2/ + 1) and each prime divisor s of 2/ + 1 there is an edge p — > s G E(r(L)). 
Clearly, s G 02. Since Pf2 J z+2 (g) contains U2i+i(q), we can deduce as before 
that for every prime p primitive with respect to the pair (g,4Z + 2) and 
s G 7r(2/ + 1), there exists an edge p^s£ E(T(L)). 

If r > 2, the order of the Borel subgroup of L is divisible by any prime 
in ir(q - 1) and then r->2£ E(T(L)). 

It follows from Lemma 13. II that the graphs T(L) and r(Inndiag(L)) are 
connected and have diameter at most 4. 

Let Go > L be a maximal normal subgroup of G such that vr(Go) = k{L). 
Clearly, Inndiag(L) < Go- Since the field automorphisms of L centralize the 
Weyl group of L (Lemma 12. 3p , all edges of the form p — > s for primes in 
o"i U o"2 are also in E(r(Go)). Moreover r^2e E(r(Go)) because every 
field automorphism has fixed points on the Cartan subgroup of L of order 
at least \(r- l) 21 . Therefore d(r(G )) < d(T(L)) < 4. Now we deduce from 
LemmaEathat d(r(G)) < 5. □ 
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Almost simple groups with socle L = Li\(q) 

Theorem 4.10. Let G be an almost simple group with socle L isomorphic 
to Lf(q) (e = ±, q = r l , I > 2). Then the Sylow graph of G is connected 
and d(r(G)) < 5. 

Proof. Define the set o~\ C vr(L) as follows: 

If e = +, o~\ is defined to be the set of primes primitive with respect to the 
pair (q,j) for j <l< 2j. 

If e = — , o"i is the set of primes p such that p \ qi — (el) J (j < I < 2j) and p 
is primitive with respect to the pair (q,j) when j is even, and with respect 
to the pair (q, 2j) when j is odd. 

Set also o"3 := {r, 2} and 02 := (^(L) \ \ 03- 

We prove first that p — > 2 E E(T(L)) for any odd prime p E 02 U 03. 

If p = r, any Sylow r-subgroup of L contains its centralizer in Inndiag(L). 
Hence r — > s E E(r(G)) for every s E 7r(r — 1). In particular this holds for 
s = 2 and r > 2. 

If p E <7 2 , then p divides q % — (el)* for some i, which is minimal with 
this property. We consider I = mi + A for some < A < i. In this case 
m > 1 by the definition of 02 and there exists a subgroup R of K = GLf(q) 
consisting of all matrices diag(Ai, . . . , A m , I), where Ai E GL\(q) are of 
order f(q,p) = (q 1 — {el) l ) p and / is the identity A x A-matrix. 

It follows from arithmetical arguments that \K\ P = {q l — (el)*)™(m!) p . 
The subgroup R is a direct product of m copies of groups of order f(q,p). 
Obviously the subgroup S m permuting blocks of the matrices of size i is 
contained in SLj(q) and normalizes R. Moreover, this subgroup contains 
a Sylow p-subgroup of K. Now we can deduce from Corollary 13.31 that 
2 € ir(A p (L)) and so p -» 2 E E(T(L)). 

We claim that for every p E u\ there exists an edge p — > s for some 
s E o"2 U 03. Let p E cj. If p | g- 7 — (el) J with 2j > Z, then a Sylow p- 
subgroup of L is cyclic and isomorphic to a subgroup of a Singer subgroup 
of the group L e -{q). Since 2j > I, this implies, from properties of Singer 
subgroups, that \L\ p = (q J — (el)- ? ) p . Moreover, in this case, for every prime 
divisor s of j there exists an element of order s that normalizes, but not 
centralizes, a Sylow p-subgroup of L. Hence there exists an edge p — ► s. 
We see next that s E 02 U 03. This is clear if either j = O(modr) or 
jf = (mod 2). Hence we may assume that j is odd. If j is not a prime, since 
s divides j, we have s \ q 11 " 1 — 1, s < | and hence 2s < j < I. This forces 
2(s — 1) < / and s E ci2- Suppose that j = s. As above s \ q s ~ x — 1. If s is 
primitive with respect to the pair (g, s — 1), then s ^ a\ and so s E 02 U 03 . 
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Otherwise, s \ q % — 1 for some i dividing s — 1. Hence 2i < I and s G 02, 
which proves the claim. 

Whence it follows that in fact the group PGLf(q) has Sylow graph with 
diameter at most 4. We can argue now like in the proof of Theorem 14.91 for 
L = PQ^ l+2 {q), to obtain finally the desired result. □ 

The Main Theorem follows now from Corollary 13.31 and Theorems 14. 1\ 
P1P1I4T81 PlITOl 

5 An application: Sylow normalizers 

In this section we apply the results on the Sylow graph of a group to obtain 
some information about the structure of groups. 

Definition. ( [12} Definition]) A covering-formation T = LF(f) is a non- 
empty saturated formation locally defined by a formation function / given 
by: 

f(p) = £tt( p ) if V G 7T, f{q) = if q vr, 

7r := Char^), the characteristic of where for each prime p G vr, 7r(p) is 
a set of primes satisfying the following conditions: 

(i) p G 7r(p) C vr, 

(ii) </ G 7r(p) =^> p£ 7r(g), 

and where ^(p) is the class of all finite 7r(p)-groups. 

(As mentioned in Remark 1(b)] the condition ir(p) C ir is no loss of 
generality.) 

Let S denote the class of all finite soluble groups and let S^p) be the class 
of all finite soluble 7r(p)-groups. The saturated formation T fl S = LF{g) 
such that 

5b) = <Stt(p) if V G 7T, 5(9) = if g vr, 
is called a covering- formation of soluble groups. 

With the previous notation, if g G 7r(p), we write p <-> g. (This defines 
a reflexive and symmetric relation on ir.) We associate to the covering- 
formation T another family of sets of primes defined as follows: 

Xjf := {a C 7T I if p, (7 G a and p q, then p ^4 g}. 

We say that two primes r and p of tt are connected if either r = p or 
there is a sequence of primes r = r\, . . . , r n = p in n such that rj <-> rj+i for 
any 1 < i < n — 1. 
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In the sequel T always denotes a covering-formation as defined above. 
We introduce some more notation. 

For a group G and a prime p, let G p denote a Sylow p-subgroup of G. 
Recall that n(G) denotes the set of all primes dividing the order of G. Then, 
for a class X of groups, the class map N is defined as follows: 

NX = (G | N G (G P ) £ X, for every prime p € n(G)). 

For notation and results about classes of groups and closure operations we 
refer to Doerk and Hawkes book [13) ■ 

We are interested in the study of classes of groups X satisfying NX = 
X, that is, a group G belongs to such a class X if and only if its Sylow 
normalizers belong to the class. 

In [12] the covering-formations of soluble groups are characterized as 
the subgroup-closed saturated formations X satisfying that nX = X in the 
universe of all finite soluble groups. Also they are exactly the classes of 
soluble groups with nilpotent Hall subgroups for prefixed sets of primes. 
For any set of primes r we set E° for the class of all groups with nilpotent 
Hall r-subgroups. To be more precise we gather the following results. 

Proposition 5.1. |12[ Proposition 2] Let Q = FPiS be a covering-formation 
of soluble groups as defined above. Then: 

1. sg = G and^QnS = G; 

Theorem 5.2. [12[ Theorem] Let TL be a subgroup- closed saturated forma- 
tion of soluble groups. Then the following statements are equivalent: 

(i) For any soluble group, its Sylow normalizers belong to 7i if and only 
if the group belongs to 7i; 

(ii) TC is a covering-formation of soluble groups. 

The next technical result will be useful to clarify the constructions in 
the examples below. 

Lemma 5.3. Let {r^ | i G 1} be a partition of a set of primes r and let 
V = LF(d) be a saturated formation of characteristic r, locally defined by a 
formation function d satisfying that S p d(p) C £ n for every i £ I and every 
prime p £Ti Ct, Then 

V = x ieI Vi :=(Ge£ T \G= x ieI G n , G Ti G V-) 
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where for every i G / , T>i := T> n £ n = LF{di) is the saturated formation of 
characteristic T{, locally defined by the formation function di given by 

di{p) = d{p) ifp G n , di{q) = if q £ T{. 

Proof. The result is easily proven taking into account that 

V = £ T n (n p er£ P 'S p d(p)) C£ T n (n ieI £ T ,£ n ) = (G G £ T I O n (G) G £ T ,, iel) = 
= (Ge£ T \G = x ieI G n , G n G £ n ). □ 

Remark. [13, Proposition IV(3.8)] We recall that if V = LF{D) = LF(d) is 
a saturated formation with canonical local definition D and where d is any 
other local definition of T>, then D(p) = S p d(p) D T> for any prime p. 

Hence the hypothesis on the local definition d in Lemma 15.31 can be 
equivalently replaced by the assumption that the canonical local definition 
D of T> satisfies that D{p) C £ T . for every i E I and every prime p G Tj C r. 

Example 1. Let {tti \ i G /} be a partition of the set of primes tt and 
x iei£iTi '•= (G G £ n | G = Xjg/G^, g ^TTj)- 

As follows from Lemma 15.31 this class is a covering- formation = Xi^j£ ni 
such that the sets of primes 7r(p) (p G 7r) form the given partition of tt. 



Example 1 is a particular type of the following construction: 

Example 2. Let 7i be a covering-formation of (soluble) groups of charac- 
teristic p(2^/)),7r = /9Ur and p fl r = 0. Let 

W x := (G G I G = A x B, A £ Tt, B G f T ). 

Then .F = 7i x is a covering-formation such that if 2,p G 7r and p 
is connected with 2, then 7r(p) = 7r(2) = r. Moreover, F = TC x £ T = 

Proof. The first part follows from Lemma 15.31 Then from Proposition 15.11 
we can deduce that T C C := Ho-es^ ^a- 

Assume now that T is properly contained in C and let G G C \ T of 
minimal order. Since £ is Q-closed and T is a saturated formation, G is a 
primitive group of type either 1 or 2, with a unique minimal normal sub- 
group, say N, and G/N G T . 
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Assume that G is primitive of type 1 and N is a p-group for a prime p. 
Since G G C, it follows that G/iV = G/C G (N) G ^ = /(p) and soGef, 
a contradiction. 

Therefore G is a primitive group of type 2 and, in particular, 2 € tt{N). 
Note that any normal subgroup of G, in particular iV, belongs to C. 

It is known that no simple group E has nilpotent Hall ^-subgroups with 
v a set of primes such that \v D ^(E 1 )) > 1 and 2 € ^ (see [U Proposition 
1] ) . Hence any non-abelian simple group in C belongs to £ n (2) ', consequently, 
N G £ n{2 ) C ^ and N < G. 

On the other hand, the choice of G implies that M G T C £2' £^(2) for 
a maximal normal subgroup M of G. Consequently M € ^(2) because 
N < M and then 2 '( M ) = 1- 

Since G £77(2) > there is a prime p G 7r(G) \ 7r(2) and |G/M| = p as 
G/M £ J- = 7i x £ T . Since G G C it follows that G has a normal Sylow 
p-subgroup G p and G = M X G p E J-, the final contradiction. □ 

Example 3. Let T be a covering-formation such that if 2,p G 7r and p G 
{3, 5}, thenp is not connected with 2. (Equivalently, ir = pUr with pRr = 0, 
2 g" p and 3, 5 ^ r). Then J C 5 is a covering-formation of soluble groups. 
More precisely, 

F = HxJ:={Ge£ 7r \G = HxJ, H eH, J G J) 

where 7i and J are covering-formations of characteristics t and p, respec- 
tively. Moreover, T = Ux J = [\ a ^ T E£. 

(Tor instance the following classes of groups appear as particular types of 
this construction: 

H x £ {3>5} := (G G £ n I G = A x B, AeH, Be % 5} ), or also 

Hx£ 3 x£ 5 :=(Ge£ w \G = AxBxC, AgH, B g £ 3 , C G £5), 

where (in both cases) 3,5 G 7r and H is a covering-formation of soluble 
groups of characteristic it \ {3, 5}. J 

Proof. The restrictions on the sets of primes imply that /(p) = £ n (p) Q £> 
for any p £ ir. Hence T C 5. See Lemma 15.31 for the description of .F. 

On the other hand, by Proposition 15.11 we have J- = £ D S for C := 
Heresy Let us consider the covering- formation C := £ T x J , which is of 
type given in Example [2j Then C = Ho-gSc Note that T,q C Sjt, which 
implies that £ = f| CTe s^ E ° ^ fUsc E ° C = C C S. Consequently T = C 
and we are done. □ 
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Remark 5.4. (1) For covering- formations, in the universe of all finite groups, 
we know that T C nT C £ w since T is subgroup-closed, but in general 
T ^ NT. (See [M Remark 1(c)].) 

(2) A subgroup-closed saturated formation X with nX = X need not be 
a covering-formation. (See [10j.) 

(3) As pointed out also in [T2j, it follows from the Feit-Thompson theo- 
rem and Theorem 15.21 that if 2 ^ it, then T = N.7 7 . The result T = nT can 
be deduced in the same way under the hypothesis that 3, 5 G" n. 

Proposition 5.5. Let G be a group of minimal order in N.7 7 \ T . Then G 
is a primitive group of type 2 and any pair of primes in tt(G) is connected. 

Proof. Note that nT is Q-closed because N G/N (G P N/N) = N G (G P )N/N 
for any G p G Syl p (G) and N <G. Since J 7 is a, saturated formation we can 
deduce that G is a primitive group of type either 1 or 2, i.e., with a unique 
minimal normal subgroup, say N. 

Assume that G is primitive of type 1. Then N = C G (N) is a p-group, for 
some prime p, and G = NM with M a maximal subgroup of G, N DM = 1. 

We claim that G/N G £^\ = f(p). 

If p £ ir (G/N), then N G Syl p (G) and G = N G (N) G J 7 , a contradiction. 

Hence p G n(G/N). Assume that there exists q G tt(G/N), q $ vr(p). 
Observe that M = G/N G T C £ p i£ n(j} y In particular we can consider 
1 M q G Syl ? (M) and Af 9 < Cy(M). By Lemma O it follows that 
M = O pl (M)N M (M q ). Then there exists 1 / M p G Syl p (M) with M p < 
Nm(M q ) G T . Since p ^ 7r(g) it follows that [M p ,M 9 ] = 1. Consequently 
M q < N G (NM p ) G T as AM p G Syl p (G) and G G NJ-. Again since q £ ir(p) 
it follows that M g < C G (N) = N, a contradiction which proves the claim. 

Since G/N G T and G/N = G/C G (N) G £ n{p) = f(p) it follows that 
Ggf, a contradiction. 

Therefore G is a primitive group of type 2. Hence N = N± x ... x N r , 
where Ni = Nj are non-abelian simple groups for any i,j G {1, . . . , r}. Set 

R = n r l=1 N G (N t )<G. 

Assume first that R < G. We claim that if p G ir(N) and q G tt(G/R), 
then p <-> q. This will imply the result. 

Since G/i? G J 7 we have, in particular, that G/it! G £ q /£ n ( q y li p ir(q) 
there exists G p G Syl p (G) such that G p < T < G with T/i? = O q <(G/R). 
By Lemma [27TI G = TN G (G P ) and there exists a subgroup T g Q G SyL(G) 
for some T g G Syl g (T) and some Q G Syl q (N G (G p )). Since N G (G P ) G J 7 and 
<7 vr(p) it follows that [G p ,Q] = 1 and thus [N P ,Q] = 1, where 1 ^ iV p = 
G p n N G Syl p (A). But R<G. Hence r > 1 and N p = (Ni) p x . . . x (N r ) p 
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with (Ni) p G Syl p (iVj) for every i = 1, . . . ,r. Since G acts transitively via 
conjugation on the set {N\, . . . ,N r }, we deduce that Q < R and therefore 
TqQ < R, a contradiction. 

Assume now that G = R. Then r = 1 and G is an almost simple 
group. We claim that n{A p (G)) C n(p) for every prime p G vr(G). Since 
N G (G P ) e jr for G p G Syl p (G), if g G it(N g (G p )) and vr(p) we have that 
[Q,G P ] = 1 for any Q G Sjl q (N G {G p )). Therefore q vr(A p (G)) and the 
claim is proved. The result can be deduced now from the Main Theorem. □ 

This proposition can be useful to derive conditions assuring that Nj- = 
T . In particular we deduce next that for any of the classes of groups in 
Examples 1, 2 and 3, a group belongs to the class if and only if its Sylow 
normalizers belong to the class. 

Corollary 5.6. For any of the classes of groups in Example 1, a group 
belongs to the class if and only if its Sylow normalizers belong to the class. 

Proof. Let T be a covering-formation as in Example 1. Since T is subgroup- 
closed, we need only to prove that nJ 7 C T . Assume that this is wrong and 
let G be a group of minimal order in NjF \ T . Then Proposition 15.51 implies 
that G is a primitive group of type 2 and each pair of primes p,q G 7r(G) is 
connected. In particular, every prime p G vr(G) \ {2} is connected with 2 G 
7r(G) and consequently ir(p) = 7r(2) and G G £ w (2) — a contradiction. □ 

Remark. Observe that the proof of Corollary 1 5 . 6 1 can be adapted to derive the 
corresponding results for the covering- formations in Examples 2 and 3. We 
show below a more direct approach to these results based on Corollary 15.61 

Lemma 5.7. Let {r^ [ i G /} be a partition of a set of primes r and let X 
and 1 G Xi C £ T . for every i £ I be classes of groups such that 

X := x ie jXi := (G G £ T | G = x ie /G Ti , G n G Xi). 

Then NX = X if and only if NA^ = X^ for all i G /. 

Proof. This follows by an straightforward proof and Corollary 15.61 □ 

Corollary 5.8. For any of the classes of groups in Examples 2 and 3, a 
group belongs to the class if and only if its Sylow normalizers belong to the 
class. 

Proof. It follows by Lemma 15.71 and Remark 15.41 (3). □ 
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Remark. As pointed out in Remark 15.41 (2), there is an example in [TO] of 
a subgroup-closed saturated formation X with the property nX = X which 
is not a covering-formation. This example depends on the primes in the 
characteristic of X and on the non-abelian simple groups involving these 
primes as divisors of their orders. Here a := Char(Af) = {2, 5, 7, 13, p}, 
where p / 2,3, 5, 7, 13, and it is proved that the Suzuki group Sz(2 3 ) is the 
only non-abelian simple cr-group. 

We may wonder whether there is an example of such a formation with full 
characteristic. Lemma 15.71 provides an easy way to construct an example as 
aimed from the saturated formation X in [TO]. We need just to consider now 
the subgroup-closed saturated formation TL := X x £ a / with a = Char(A'). 
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